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Abstract. In this paper, we first provide an explicit description of all holo- 
morphic discs ("disc instantons") attached to Lagrangian torus fibers of ar- 
bitrary compact toric manifolds, and prove their Predholm regularity. Using 
this, we compute Fukaya-Oh-Ohta-Ono's (FOOO's) obstruction (co)chains and 
the Floer cohomology of Lagrangian torus fibers of Fano toric manifolds. In 
particular specializing to the formal parameter T^'^ = e~^, our computation 
verifies the folklore that FOOO's obstruction (co)chains correspond to the 
Landau-Ginzburg superpotentials under the mirror symmetry correspondence, 
and also proves the prediction made by K. Hori about the Floer cohomology 
of Lagrangian torus fibers of Fano toric manifolds. The latter states that the 
Floer cohomology (for the parameter value T^'^ = e~^) of all the fibers vanish 
except at a finite number, the Euler characteristic of the toric manifold, of base 
points in the momentum polytope that are critical points of the superpotential 
of the Landau-Ginzburg mirror to the toric manifold. In the latter cases, we 
also prove that the Floer cohomology of the corresponding fiber is isomorphic 
to its singular cohomology. 

We also introduce a restricted version of the Floer cohomology of La- 
grangian submanifolds, which is a priori more fiexible to define in general, 
and which we call the adapted Floer cohomology. We then prove that the 
adapted Floer cohomology of any non-singular torus fiber of Fano toric mani- 
folds is well-defined, invariant under the Hamiltonian isotopy and isomorphic 
to the Bott-Morse Floer cohomology of the fiber. 



1. Introduction 

Floer cohomology of Lagrangian intersections was introduced by Floer in 
symplectic geometry. Since then, its construction has been further generalized |01j 
and an obstruction theory to its definition has been developed by Fukaya-Oh-Ohta- 
Ono | FOOO| . It has been proven to be a powerful tool in studying various problems 
in symplectic geometry (see lEIj, [Ulj, |Chij, 0, El, |F()()()| . and |t7 | . 

for example). The theory itself was greatly enhanced by the advent of the Fukaya 
category I Fuklj and the homological mirror symmetry proposal by Kontsevich [Koj , 
and also by the open string theory of £)-branes in many physics literature, among 
which |HV| . [H| will be the most relevant to the content of the present paper. 

Even in the midst of these theoretical enhancement and successful applications 
of the Floer theory, actual computation of Floer cohomology itself for specific ex- 
amples remains to be a non-trivial task, especially with Z-coefficients (not just with 
Z2-coefficients) , except for the cases where there is no quantum contribution ^1 or 
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for the case of real manifolds i.e., the fixed point sets of anti-liolomorphic involu- 
tions j02j , [FOOOj . Indeed, computation of the Floer cohomology in the presence 
of nontrivial holomorphic discs requires detailed understanding of the quantum 
contribution of the holomorphic discs (or the effect of "open string instantons" in 
the physics terminology) to the cohomology of the Lagrangian submanifolds. In 
this respect, the recent computation jChoj by the first named author of the Floer 
cohomology of the Clifford torus in P" sheds some light on a general procedure of 
computing the Floer cohomology "by direct calculation of disc instanton effects" in 
the context of ^-model without relying on the J5-model calculations and the mirror 
symmetry correspondence, which is still conjectural. 

In this paper, we extend this computation and compute the (adapted) Floer coho- 
mology of all the non-singular torus fibers of smooth Fano toric varieties equipped 
with symplectic (Kahler) form. As in |Choj . we will carry out this by comput- 
ing the Bott-Morse version HF^'^^{L; Jq) of the Floer cohomology of Lagrangian 
submanifold L that was introduced in |FOOO| . Our computation, when the Floer 
cohomology is twisted with the flat line bundles and the formal parameter T is set 
T^" — e~^, verifies the prediction made by Hori-Vafa |IIVj for the Lagrangian torus 
fibers of Fano toric manifolds based on the mirror symmetry correspondence via 
the linear sigma models IWi| . |HV| . 

In the point of view of the obstruction theory developed in |01| . |FOOO| . a 
priori, the torus fibers of general toric manifolds are neither monotone nor unob- 
structed, and may carry holomorphic discs of non-positive Maslov indices. Recall 
that the Clifford torus is also obstructed as an object in the ^oo-category |01| . 
[FOOOj . but the fact that it is monotone enables one to define the Floer cohomol- 
ogy | 01| .|04 j which the first named author computed in Cho . Combination of 
these facts prevent us from directly applying the general construction of the Floer 
cohomology from I FOOOj and forces us to manually construct a restricted version 
of the Floer cohomology and to prove the invariance property. For this purpose, 
some specific geometry of the moduli of holomorphic discs associated to the pair 
(L, Jo) of the torus fiber L and the canonical complex structure Jq on the toric 
variety will play an essential role both for the definition and computation of the 
Floer cohomology. We will prove that there exists no non-constant holomorphic 
discs of non-positive Maslov indices for the torus fibers, although its Hamiltonian 
deformations of them may allow such (pseudo-)holomorphic discs. Our definition of 
the adapted Floer cohomology exploits this specific feature of the pair (L, Jq). We 
call this version of the Floer cohomology the adapted Floer cohomology. It appears 
that in general this adapted Floer cohomology is more flexible to define and exploits 
best specific features of the moduli of holomorphic discs of the given pair (L, Jq). 
(However the arguments from |FOOO| involving the homotopy inverse of the A^o- 
algebra strongly suggests that whenever the adapted Floer cohomology is defined, 
the deformed Floer cohomology in the sense of | FOOO| will be also well-defined 
and isomorphic to the adapted Floer cohomology. This question will be studied in 
the final version of FOOO .) 

Once the well-definedness of the adapted Floer cohomology is established, its 
computation largely follows the scheme used by the first named author |Choj : 
Firstly, we derive general Maslov index formula of holomorphic discs in terms 
of the intersection number of natural divisors associated to the toric manifolds. 
Secondly we explicitly classify all the holomorphic discs and prove the Fredholm 
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regularity of the discs. Then using this information, we compute the Bott-Morse 
version HF^^\L; Jq) of the Floer cohomology of L with respect to the complex 
structure Jq. Because the torus fibers do not have non-constant holomorphic discs 
of non-positive Maslov indices (see Theorem 15 .31) . the argument from 04 proves 
HF^^^ {L; Jq) isomorphic to the adapted Floer cohomology H F"-'^ {L; Jq) in the 
Fano case, and expected to be the same in general. 

In the course of our computation, we also derive an area formula Theorem 18.11 
for the holomorphic discs of the Maslov index 2 (and so of all holomorphic discs) in 
terms of the location of the base point of the Lagrangian fiber and the relative ho- 
mology class of the disc (or the divisor of the toric manifold that the disc intersect). 
This formula is crucial for our proof of the prediction that the base points in the 
momentum polytope at which the corresponding fiber has non-trivial Floer coho- 
mology arc indeed those corresponding to the critical points of the superpotential 
of the Landau- Ginzburg mirror. 

We would like to emphasize that the mirror symmetry prediction made both in 
the Kontsevich proposal or by physicists does not really concern the standard Floer 
cohomology in symplectic geometry which uses the Novikov ring as its coefficients, 
but its convergent power series version. One byproduct of our classification of 
disc instantons is that this latter version of the Floer cohomology is defined and 
so substitution of the formal parameter T^'^ by the number e^^ is allowed in the 
Fano toric case. However the latter version of the Floer cohomology is not known 
to be invariant in general under the Hamiltonian isotopy of the Lagrangian torus 
fiber and so the mirror symmetry prediction concerns the Kdhler geometry of the 
Lagrangian torus fibers (with respect to the natural complex structure Jq and the 
Kahler form w), rather than the symplectic geometry of its Hamiltonian isotopy 
class. For example, it is possible that a fiber has trivial Floer cohomology with 
Novikov ring as its coefficients but non-trivial one with the parameter value T"^^ — 
e~^ (see section 13 for an explicit example of Hirzebruch surfaces). 

Our work also provides some concrete mathematical evidence in the toric case 
for the conjectural relation between the superpotential and the "open Gromov- 
Witten invariants" which has been advocated by physicists (see KKLM for exam- 
ple). More precisely, we verifies that under the mirror symmetry correspondence 
of a torus fiber, the one-point open Gromov-Witten invariant, which is essentially 
FOOO's obstruction chain [FOOO], maps to the superpotential W of the Landau- 
Ginzburg mirror, and two-point invariants, which is essentially the Floer differential 
52{pt) in the Bott-Morse setting, maps to the derivative We refer to section 
llSl for more discussion on this point. 

One general distinction between the Fano and the non-Fano cases lies in the 
transversality property of the singular strata of various compactified moduli spaces. 
More precisely, non-Fano manifolds carry spheres of negative Chern numbers and 
so the compactified moduli space may contain singular strata that contain sphere 
bubbles (especially their multiple covers) of negative Chern numbers. As the study 
in FOOO demonstrated, such problems in the moduli space of holomorphic discs 
in relation to the Floer theory (or to open Gromov-Witten invariants) are much 
more troublesome than the case of spheres. We refer to sectionlTHIfor more detailed 
discussion on this. 
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2. Compact toric manifolds 

We consider smooth and compact toric varieties. Here we closely follow the 
Batyrev |Blj with minor notational changes (See M. Audin |Aj for more details) 

In order to obtain an n-dimensional compact toric manifold V, we need a combi- 
natorial object E, a complete fan of regular cones, in a n-dimensional vector space 
over K. 

Let N be the lattice Z", and let M = Homz{N,Z) be the dual lattices of rank 
N. Let iViR = iV (g) m and = M <g) R. 

Definition 2.1. A convex subset a C A% is called a regular /c-dimensional cone 
(fc > 1) if there exists k linearly independent elements wi, • • • ,Vk & N such that 

a = {aivi H h akVk | G M, > 0}, 

and the set {vi, ■ ■ ■ ,Vk] is a subset of some Z-basis of N. In this case, we call 
vi, ■ ■ ■ ,Vk & N the integral generators of a. 

Definition 2.2. A regular cone a' is called a face of a regular cone a (we write 
a' -< a) if the set of integral generators of a' is a subset of the set of integral 
generators of a. 

Definition 2.3. A finite system E = di, • • • , Us of regular cones in TYr is called a 
complete n-dimensional fan of regular cones, if the following conditions are satisfied. 

(1) if cr e S and a' < a, then cr' e E; 

(2) if cr, a' are in S, then cr' n (t -< cr and cr' n cr cr'; 

(3) iVR = criU---U(7,. 

The set of all fc-dimensional cones in E will be denoted by E'^'^^ 

Example 2.4. Consider basis vectors ei,-- - , e„ in a n-dimensional real vector 
space. Let Vi = Ci for i = I, • • • ,n and let — — ei — 62 — ■ ■ • — e„. Any 

A:-element subset / C {wi, • • ■ , Vn+i} for (fc < n) generates a fc-dimensional regular 
cone cr(/). The set E(n) consisting of 2"+^ — 1 cones cr(/) generated by / is a 
complete n-dimensional fan of regular cones, with which later we will associate a 
projective space P". 

Definition 2.5. Let E be a complete n-dimensional fan of regular cones. Denote 
by G(E) = {vi, ■ ■ ■ , vn} the set of all generators of I-dimcnsional cones in E ( TV = 
Card E'^^). We call a subset V = {wi^ , • • • , Wip} C G(E) a primitive collection if 
{wij , • • • , } does not generate p-dimensional cone in E, while for all fc (0 < fc < p) 
each fc-element subset of V generates a fc-dimensional cone in E. 

Example 2.6. Let E be a fan from Example 12.41 Then there exists the unique 
primitive collection V which is the set of all generators {vi, • • • , Wn+i}. 
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Definition 2.7. Let C be iV-dimensional afRne space over C with the set of 
coordinates zi, • • • ^zn which are in the one-to-one correspondence Zi <-> Vi with 
elements of G(S). Let V = {w^^, • • • , } be a primitive coUection in G(S). Denote 
by A(7^) the [N — p)-dimensional affine subspace in C" defined by the equations 

Zii ■ ■ ■ Zi^ 0. 

Remark 2.8. Since every primitive collection V has at least two elements, the 
codimension of h{V) is at least 2. 

Definition 2.9. Define the closed algebraic subset Z{Yj) in as follows 

= UpA(7'), 

where T runs over all primitive collections in G{Yj). Put 

U{Y?) = C^\Z(I]). 

Definition 2.10. Let K be the subgroup in consisting of all lattice vectors 
A = (Ai, • • • , Ajv) such that 

Aiui + • • • + Xnvn — 0. 

Obviously K is isomorphic to Z^~" and we have the exact sequence: 

^ ^ Z" 0, (2.1) 

where the map tt sends the basis vectors to Vi for i = 1, • • • ,N. 

Definition 2.11. Let S be a complete n-dimensional fan of regular cones. Define 
D{Yj) to be the connected commutative subgroup in (C*)^ generated by all one- 
parameter subgroups 

OA : C* ^ (C*)^, 
t ^ {t^\- ■ ■ ,t^") 

where A = (Ai, • • • , Xn) G K. 

It is easy to see from the definition that D{I]) acts freely on U{Y,). Now we 
are ready to give a definition of the compact toric manifold Xa- associated with a 
complete n-dimensional fan of regular cones S. 

Definition 2.12. Let S be a complete n-dimensional fan of regular cones. Then 
the quotient 

Xs - C/(E)/D(S) 
is called the compact toric manifold associated with S. 

Example 2.13. Let S be a fan E(n) from ExamplelO BvlTBl U{J:{n)) = C"+i\ 
{0}. By the definition of E(n), the subgroup IK is generated by (1, • • • , 1) e Z"+^. 
Thus D{'E,) C (C*)^ consists of the elements {t, - ■ ■ , t), where t e C* . So the toric 
manifold associated with S(n) is the ordinary n-dimensional projective space. 

There exists a simple open coverings of C/(S) by affine algebraic varieties. 

Proposition 2.1. Let a be a k-dimensional cone in S generated by {fi^, ■ ■ • , ^'i^}- 
Define the open subset U {a) C as 

i7(a) = {(2i,-- - ,ZAr) eC^ \z,^0 for aUj^{ii,--- ,1^}}. 

Then the open sets U{a) have the following properties: 
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(1) 

f/(S) = U,ei:U{a); 

(2) i/cr ^ a', then U{a) C U{<t'); 

(3) for any two cone ai,a2 G S, one has U{ai) fl U{a2) = U{ai fl 172); in 
particular, 

c/(s)= J2 ^(^)- 

Proposition 2.2. Lei cr 6e an n- dimensional cone in E^") generated by {vi^ , • • • , Ui„ }, 
w/iic/i spans i/ie lattice N. We denote the dual Z-basis of the lattice M by {ui^, - ■ ■ , ■«i„ } ■ 
i.e. 

{vi^,Ui^) = 5k,i (2.2) 
where (•, •) is the canonical pairing between lattices N and M . 

Then the affine open subset U{a) is isomorphic to C" x (C*)-'^"", the action 
of D{Y,) on U{a) is free, and the space of D{T,) -orbits is isomorphic to the affine 
space Ua = C" whose coordinate functions x1, - ■ ■ ,x'^ are n Laurent monomials in 
zi, - ■ ■ ) Zn: 

\ — Z\ ■ ■ ■ ^AT 

: (2.3) 



1 " ' 



The last statement yields a general formula for the local affine coordinates 
xf , • • • , of a point p G as functions of its "homogeneous coordinates" zi , • • • , zjv • 

3. Symplectic forms of toric manifolds 

In the last section, we associated a compact manifold Xs to a fan S. In this 
section, we review the construction of symplectic (Kahler) manifold associated to 
a convex polytope P. 

Let M be a dual lattice, we consider a convex polytope P in Mr defined by 

{x e Mr I {x, Vj) > Xj for ,] = !,■■■ ,N} (3.1) 

where (•, •) is a dot product of Mr = R". Namely, vj's are inward normal vectors 
to the codimension 1 faces of the polytope P. We associate to it a fan in the lattice 
as follows: With any face T of P, fix a point m in the (relative) interior of F and 
define 

err = Ur>or- (P-m). 
The associated fan is the family S(P) of dual convex cones 

ar = {xGNmI {y, x) > Vy € ar} (3.2) 

= {x G iVR I (m, x) < {p, x) \/p€ P,m€ T} (3.3) 

where (•, •) is dual pairing Mr and A^r. Hence we obtain a compact toric manifold 
Xj](p) associated to a fan S(P). 

Now we define a symplectic (Kahler) form on Xj2( p) as follows. Recall the exact 
sequence : 

^ K ^ ^ Z" ^ 0. 
It induces another exact sequence : 

M^/Z^ ^ M"/Z" ^ 0. 
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Denote by k the Lie algebra of the real torus K. Then we have the exact sequence 
of Lie algebras: 

^ ^ ^ R" ^ 0. 
And we have the dual of above exact sequence: 

0^ (M")* ^ (R^)* ^ fc* ^ 0. 

Now, consider with symplectic form | J2 dzk A dzk ■ The standard action T" 
on C" is hamiltonian with moment map 

- ,zjv) = ^(kiP,-- - ,^^1'). (3.4) 
For the moment map hk of the K action is then given by 

I^K — i* o H '■ k* . 

If we choose a Z-basis of K c as 

Ql — {Qll, • ■ • , Qni), ■ ■ ■ ,Qk — {Qlk, ■ ■ ■ , QNk) 

and {g^, • • • , q*^} be its dual basis of K*. Then the map i* is given by the matrix 
Q* and so we have 



N N 

^iK{zl,■■■ -{Y,Q,i\z,\\--- ,Y,QM^) eM.^ = k* (3.5) 

in the coordinates associated to the basis {g^, • • • , g'^}. We denote again by fi^ the 
restriction of ^ik on U{Tj) C C^. 

Proposition 3.1 (Audin A, Proposition 6.3.1.). Then for any r— (ri,-.. ,rN-n) G 
//i<-(C/(S)) C k* , we have a dijjeomorphism 

^i-^\r)lK = U{^)ID{ll) = X^ (3.6) 

And for each (regular) value of r ^ k* , we can associate a symplectic form ujp on 
the manifold Xy, by symplectic reduction |MW| . 

To obtain the original polytope P that we started with, we need to choose r as 
follows: Consider Xj for j — 1, ■ • • , N which we used to define our polytope P by 
the set of inequalities {x, Vj) > Xj. Then, for each a — I, ■ ■ ■ , N — n, let 

N 

ra = — QjaXj. 
J = l 

Then we have 

lJ-K^{ri,--- ,rN^n)/K = Xs{p) 

and for the residual T" ^ / K action on Xj^j-p), and for its moment map ^t, we 
have 

mt(a:s(p)) = P- 

In fact, Guillemin [Gul proved the following explicit closed formula for the Khaler 
form 
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Theorem 3.2 (Guillemin). Let P, X^(^p), ojp and 

MT : Xs(P) ^ (R'^/fc)* = (M")* 
be the moment map defined as above. Define the functions on (M")* 

e,{x) = {x,v,)^X, for i^l,--- ,N (3.7) 



N N 



Then we have 



it{P). 



£oo{x) = ^{x,v^) = {x,^Vi). (3.8) 

i=l 1=1 
N 

c^p = V^59Ai?,(^A,;(log£,)+^oo) (3.9) 



4. Adapted Floer cohomology of the torus fibers 

Let (Xj](p-), cjp) be a 2n-dimensional symplectic toric manifold with r"-action 
constructed from the polytope P C Mr. Each T" orbit associated to an interior 
point in P is a Lagrangian submanifold of ^^(p). Such an orbit can be obtained 
as /J^j^ (A) for A e int(/iT(^E(p))) for the moment map ht- 

We fix one such orbit (non-singular) and denote it by L. In this paper, we 
will study the Floer cohomology of these Lagrangian tori and compute this by 
computing its Bott-Morse theory version HF^^^{L\ Jq) as in |Choj . One important 
difference between the Clifford torus and the general torus fibers is that the former 
is monotone I 01| . |04| while the latters are not. Since the obstruction classes 
defined in ^FOOU| do not vanish for the Lagrangian submanifold L, it is not clear 
whether the standard Floer cohomology HF{L, (i>{L)) is defined and invariant under 
the change of Hamiltonian isotopy, or whether it is isomorphic to the Bott-Morse 
version HF^^^ {L\ Jq) when L is not monotone. 

In this section, we will define a restricted version of the Floer cohomology which 
exploits some special geometry of Lagrangian torus fibers in the toric manifolds. We 
will call this adapted Floer cohomology and denote it by HF"''^{L; Jq). Important 
ingredients for the construction of the adapted Floer cohomology HF°'''^{L; Jq) are 
the following three theorems whose proof will be postponed to the next two sections. 



[Maslov index formula] For a symplectic toric manifold Xs(P); ^ef L be a La- 
grangian T" orbit. Then the Maslov index of any holomorphic disc with boundary 
lying on L is twice the sum of intersection multiplicities of the image of the disc 
with the codimension 1 submanifolds V{vj) for Vj G E^"'^-' for all j — 1, - ■ ■ , N . 

[Classification theorem] Any holomorphic map w : {D^,dD^) {Xy:(^p),L) can 
be lifted to a holomorphic map 

w : {D^,dD^) ^ (C^ \ Z{^),tt-\L)) 

so that each homogeneous coordinates functions Zi{w),--- ,Z]^{'w) are given by 
Blaschke products with constant factors. 

I.e. Zj{w) = cy {Y YTT^ 
fc=i 



j,kZ 
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for Cj G C* and non-negative integers fij for each j = I, ■ ■ ■ , N . In particular, there 
is no non-constant holomorphic discs of non-positive Maslov indices. 
[Regularity theorem] The discs in the classification theorem are Fredholm regu- 
lar, i.e., its linearization map is surjective. 

Assuming tliese tiieorems for tiie moment, we proceed construction of HF°''^{L; Jq) 
of {L; Jq). We denote the standard integrable complex structure on X by Jq. Let 
be a Hamiltonian diffeomorphism such that 4'{L) intersects L transversely. We 
consider the set of paths J' : [0, 1] — > with 

J'(0) = Jo, J'(l) = 0, Jo 

denote it by Similar theorems obviously hold for the pair [(j){L), (j)^J{)) as for 

{L;Jq). In particular, there is no non-constant holomorphic discs of non-positive 
Maslov indices for the pair ((/)(L), 0* Jo) either. 

Remark 4.1. The set i(</,.j(,) was considered and played an important role in |05j 
in relation to the formulation of Floer homology of Hamiltonian diffeomorphisms 
over the mapping torus of (p. It appears that considering this set of paths depend- 
ing on the triple {L,J[)\(f>) enable us to define the Floer homology of Lagrangian 
submanifolds in a more flexible way when the given pair (L; Jq) has some special 
structure of the moduli of Jo-holomorphic discs attached to L as in our case. 

Now we restrict to the paths J' G j(<p.,Jo) for the study of Floer's equations 

J Or ^ tdt ui) 
[u(r,0) G L, u(r,l) G ^ ^ 

in the definition of the Floor boundary operator. Now for given pair x,y € LC](j){L), 
we study the moduli space 

M{x,y-J') 

for the Fredholm index /i(a;, y) = 0, 1 or 2. The following proposition is the reason 
why we restrict J' to the ones coming from j(ct,,Jo)- 

Proposition 4.1. Assume ^e(p) *s Fano. Let cj) he a Hamiltonian diffeomorphism 
such that (f>{L) intersects L transversely and let J' G Assume that a;, ?/ G 

L n 4'{L) with ij,{x, y) = 0, 1 or 2. Then the following holds: 

(1) When fi{x,y) — 0, M{x,y; J')/R is empty. 

(2) When fi{x,y) — 1, Ml{x,y\ J')/]R is a compact manifold of dimension zero 

(3) When //(x, z) = 2, 

(a) if X ^ z, z; J')/]R can he compactified into a compact manifold 
with boundary of dimension one, whose boundary consists of the form 

v4v2 (4.2) 

where vi G M{x,y; J') and V2 G A4{y, z; J') . 

(b) if X ~ z, M(x,x] J') can he compactified into a compact manifold with 
boundary of dimension one, whose boundary consists of the types 

where Vi 's are types either of j^.^ or that for which one of Vi 's is 
constant and the other is a Jo-holomorphic disc with boundary lying 
on L or a (j)^{Jo) -holomorphic disc with boundary lying on (t>{L). 
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Proof. First note that non-constant holomorphic discs with boundary on one of the 
Lagrangian submanifold, L or (f>{L), have positive Maslov indices (and so greater 
than or equal to 2). Once this is in our disposition, the proof of this fact foUows 
by the dimension counting arguments from ,01] . j04| . We omit the details of the 
argument referring to |01| . □ 

Remark 4.2. Unlike the case j01| or |04| where we allow to vary the almost 
complex structures, since we prefer to keep the usage of integrable complex structure 
Jo, we also need to prove that the above singular curves are also regular (or more 
precisely the relevant evaluation maps are transverse in forming the fiber products). 
This follows from the fact that L is a torus orbit of the torus action on ^^(p). 

Corollary 4.2. Under the hypothesis as in Proposition \4-.1\ the Floer cohomology 
HF{L, (f>{L)] J') is well-defined. 

We can now compare two Floer cohomology HF{L, (j){L); J') with J' G j{<t>,Jo) 
and HF*{L,^{L)); J") with J" G j(ip,Jo) by considering paths 

$ - {<^^}o<s<i; 0°-<^, 0^ -V- 

J = {J''}o<s<i] J° = J', = J" , J" e j{,p',jo) 

and the continuity equation 

\u{t,0) e i, u(t,i) e (/)''(^)(i) 

where p : M — > [0, 1] is a monotonically increasing function 

_ Jo for T <-R 
^ for T > i? 

for some sufficiently large R > 0. Again by the same reasoning using the choice 
J" G j{<p=.j[)), we can prove that the continuity equation defines a chain map 

J) : CF(L, ^{L);Sj,) ^ CF{L, ^{L)-5.,n) 

which is an isomorphism. We refer to |01| , |04) for the proof in the monotone case, 
which obviously generalizes in the current Fano toric case if we use the set-up of 
the adapted Floer cohomology. More specifically we use the special property of the 
pair {L,Jq) mentioned in the three theorems in the beginning of this section. This 
proves the well-definedness and the invariance property of HF{L,(j>{L); J'). We 
denote the canonical isomorphism class of HF{L, (j>{L); J') over cj) and J' £ j{4,.,jf,) 
by HF-\L; Jo). 

We will compute this group by computing the Bott-Morse version of the Floer 
cohomology, which we denote by HF^^^{L] Jo). Because the above structure the- 
orems, this latter Floer cohomology group is well-defined. The following theorem 
permits us to do this for the computation of HF{L, 4>{L); J'). 

Theorem 4.3. Assume X-s(^p) is Fano and let L and (j), J' as above. Then 
HF^'^^ {L; Jq) is well-defined and isomorphic to HF°''^{L; Jq). More specifically, 
HF^^ {L; Jo) is isomorphic to HF{L,<j){L); J') for any Hamiltonian diffeomor- 
phism (j) with L intersection 4>{L) transversely and a path J' G J(0.,/o). 
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Proof. The well-dcfincdncss of HF^'^\L; Jq) follows from the classification theo- 
rem which in particular implies that all holomorphic discs have positive Maslov 
indices and are regular, by examining the details of the construction from [section 
7, FOOO]. 

For the second statement, it is enough to consider the case when is C^-close to 
the identity. We refer to |()4| for the proof in the monotone case which obviously 
generalizes to the semi-positive case, in particular the Fano case {X,lj). □ 

Remark 4.3. We would like to emphasize that in our case where the obstructions 
do not vanish, the Bott-Morse version of the Floer cohomology constructed in 
[FOOO], a priori, may not be defined and may depend on the choice of the almost 
complex structure J, even if it is defined. Because of this, we make the dependence 
on Jo explicit in the notation HF^^^{L\ Jq). 

Having Theorem 14. 31 in mind, we will compute the Bott-Morse Floer cohomology 
group HF^^^{L\ Jq) in the rest of the paper. 

5. Index formula and the classification of holomorphic discs 

In this section, we will prove the Maslov index formula and the classification 
theorem mentioned in sectional 

Before we state the theorem, we recall that for each generator Vj € there 
is associated a codimension 1 subvariety V{vj). For the principle bundle ^ 
Xj^j-p)), TT^^{V{vj)) is defined by the equation zj = in C/(S). 

Theorem 5.1 (The Maslov index formula). For a symplectic toric manifold ^^(p), 
let L be a Lagrangian T" orbit. Then the Maslov index of any holomorphic disc with 
boundary lying on L is twice the sum of intersection multiplicities of the image of the 
disc with the codimension 1 submanifolds V{vj) for Vj £ Ti^^^ for all j ~ 1, - ■ ■ , N . 

Proof. As in |Cho| . we deform a holomorphic disc w : {D^,dD^) {X,L) near 
the intersections with F(wj)'s. It is easy to see that the intersections are discrete 
and there are only finitely many of them because of holomorphicity of the map 
w. Denote by pi E a point in the preimage of the intersection, i.e. pi £ 
(ima.ge(w) D V{vj)) for some j. We describe how to deform w as a smooth map 
near the point pi and such deformation will be carried out near every preimages of 
intersections. 

Note that w{pi) may lie in the intersection of several V{vj)^s: Denote them by 
Vivi,),-- ■ ,V{v^^). Then, We have 

w{p) ev{v^,)n---nv{v^j (5.1) 

The fact that V{vi-^ )n- • ■r]V{vi^) 7^ implies that {vi-^ , • • • , Wi^,} is not a primitive 
collection (See Definition 12. 5() . Since the fan S is complete, we may choose {n — k) 
generators vt^^-^ , • • • , so that (u^j , • • • , Wi„) defines a n-dimensional cone a in E. 

We may consider the map w near pi as a map into the affine open set C" = 
Spec{a n M) as in |Fulj . More precisely, the coordinate functions of this affine 
open set C" is given as in Proposition 12.21 Denote by c?i , • • • ,dk the intersection 
multiplicities of the map w with V{vi-i^), • • • , V{vi^.). In other words, if we represent 
the map w in terms of homogeneous coordinates, then the homogeneous coordinate 
functions z^^ , • • • , Zi^. will have order of zero di, ■ ■ ■ , dfe at pi and other homogeneous 
coordinate functions are non- vanishing near pi . 
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As in ProDOsition l2.2l let {m^ , } be the basis of M dual to {vi^ , • • • 
Then, the affine coordinate function xl is 

•^1 — •^i * * ' 

where C{z) is a function nonvanishing near pi. Therefore, the afline coordinate 
function xl has order of zero di at pi. Similarly, , • • ■ ,2:^ have order of zero 
d2, ■ ■ ■ ,dk at pi. For j > k, Xj is non- vanishing near zero. We may further assume 
that pi = G D^. Then, the map w near pi can be written in affine coordinates as 
(aiz-^i + ©(z'^i+i), • • • , akz''" + ©(z-^^+i), Ofc+i + • • • , a„ + 

Now we are in the same situation as in |Cho| Theorem 4.1. From now on, we 
will only sketch the arguments and refer readers to |Choj for details. 

We label by P2, - ■ ■ ,Pm G all the other points whose image intersect with 
V{vj) for some j. We find disjoint open balls B^{pi) C centered at pi with fixed 
radius e for sufhciently small e for alH = 1, 2, • • • , m. 

Now we smoothly deform the map w inside the ball B^{pi), so that the deformed 
map w satisfies 

^IdB^Mvi) C L (5.2) 
and as a map into the affine open set C" near pi, the map w on -Bc/2(pi) is given 

by 



aiz* akz'^'' ak+i a„ 



«o|(f)'^^' '|a.|(ir^'k-+i| 



(5.3) 



We perform the same kind of deformations for p2,P3,--- ,Pm inside the ball 
B^{j)2), • • • , B^{pm) and write the resulting map as w. Over the punctured disc 

I] = i?2\(s^(p^)U...B,(p™)), 

the deformed map w does not intersect with the hyperplanes, and it intersects with 
the Lagrangian torus L along the boundaries of the punctured disc. 

Since the Maslov index is a homotopy invariant, we have /x(z«) = l^-iw). Hence, 
we may compute the Maslov index of the map w. Note that the boundary 91] is 

^D^UiU,^B,^2iP^))■ 

Since the image of the map w on the boundaries of the balls -Be/2(Pi)'s lies on the 
Lagrangian submanifold L, the map w : (E, i9E) ^ {X, L) satisfies the Lagrangian 
boundary condition. Furthermore, since every intersection with the hyperplane 
occurs inside the balls Be/2, does not meet the hyperplanes. Hence, it can 
be considered as a map into the cotangent bundle of L, (If we take out all such 
codimension 1 submanifolds F(wj)'s from ^^(p), there remains (C*)" which can 
be considered as the cotangent bundle of the torus orbit L). Therefore we have 

Kw\i:) = Q. (5.4) 

On the other hand, the Maslov index of the map w\y. is given by the sum of the 
Maslov indices along (9E after fixing the trivialization. 

Now consider the map w : — > X and we fix a trivialization <i> of the pull- 
back bundle w*TX. It gives a trivialization $s of the pull-back bundle {w\t.)*TX 
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restricted over E. In this trivialization, it is easy to see that 

Since the boundary of the baUs ai'e oriented in the opposite way, and from the 
expUcit description (|5.3|) of the deformed map on the ball B^/2{Pi)i we have 

9i3e/2(Pi)) = — 2(sum of intersection multiplicities in B^/2{pi))- 

From the equation (|5.4|) . we have 

^.{w) — 2(sum of intersection multiplicities ) = 0. 

□ 

Now, we use this index formula to classify all holomorphic discs with bound- 
ary lying on i. It is much easier if we describe them in terms of "homogeneous 
coordinates" of toric varieties. Namely we claim that homogeneous coordinate func- 
tions of any holomorphic discs with boundary on L can be written as just Blaschke 
products with constant coefficients. 

Before we prove the claim, we first need the following Lemma, 

Lemma 5.2. Any holomorphic map w : ^s(p) can he lifted to a holomorphic 

map 

w : D2 _^ (C^ \ Z(S)), 

so that 

TT O W = W 

Proof. The fibration (C^ \ Z(E)) Xs(p) is a principal D(E) bundle. We pull 
back this bundle over D^, and fix a holomorphic trivialization and take a constant 
section. □ 

Theorem 5.3 (Classification theorem). Any holomorphic map w : {D^,dD^) 
(^S(P)j^) can be lifted to a holomorphic map 

so that each homogeneous coordinates functions zi{w), ■ ■ ■ ,Z]\j{w) are given by the 
Blaschke products with constant factors. 

r~\ TT ^ ~ '^J.fc 

z.e. z,H = c, .ll^-^ 

k—l 

for Cj e C* and non-negative integers fij for each j ~ I, ■ ■ ■ , N . 

Proof. By the previous lemma, we have a lift w : — > (C^ \ Suppose 
the map w meets the submanifold V{vi) at w{a) for a G int(_D^). We multiply 
factor to zi{w) and denote the modified map by wi. Note that the map wi 

still satisfies the boundary condition because | \ = 1 for z e dD^. And the 
intersection multiplicity of wi with V{vi) is one less than that of w. 

By repeating the process, we may assume that we obtain a map Wd which does 
not meet V{vi). Repeat the process for each V{vj) for j = ,N. Hence 

we obtain a holomorphic map w : — s- (C^ \ ^(E)) which does not meet any 
codimension 1 submanifolds y(uj)'s. This map has Maslov index and is contained 
in any affine open sets C" of toric variety. It is easy to see that this map is indeed 
constant. 
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Hence, we may deduce that homogeneous coordinates of any holomorphic disc 
can be written as Blaschke products. □ 

Remark 5.1. (1) In the case of P^, a similar formula was proved in |Cho| . 
(2) The Maslov index of w is l^j Theorem l5.1l 

6. Fredholm regularity of discs 

Theorem 6.1 (Regularity theorem). The discs in Theorem \5.S[ are Fredholm reg- 
ular, i.e., its linearization map is surjective. 

We first recall the exact sequence 

^ K ^ A Z" ^ 0. 

This induces the exact sequence of the complex vector space 

^ ^ A C" ^ 

via tensoring with C where C"^ is the N — n dimensional subspace of spanned 
by K C Z^. Note that this exact sequence is equivariant under the natural actions 
by the associated complex tori. 

Now we explain implication of the existence of the above equivariant exact se- 
quence on the study of Fredholm property of holomorphic map 

w : {D^,dD^) ^ iX,L) 

where L C X is a torus fiber L = ij,^^(rj), rj E P C Mr. 

We first need some general discussion on the sheaf of holomorphic sections of 
bundle pairs {E, F) where i5 is a complex vector bundle over and F a real 
vector bundle over dD^ such that F (g) C an identification with E\gjj2 . We denote 
by (£", J^) the sheaf of holomorphic sections of E with boundary values lying in F. 
We will be interested in the sheaf cohomology of (£,J-) which we denote by 

Hi{D^,dD^; E, F) = m{E, F). 

Here the sheaf cohomology functors are the right derived functors of the global 
section functor from the category of sheaves of (O, C'K)-modules on to the 
category of R modules, where (O, Ok) is the sheaf of holomorphic functions on 
Z?^ with real boundary values. Denote by A^{E^F) the sheaf of C°° sections of 
E with boundary values in F, and denote by A^^'^\E) the sheaf of C°° i?-valued 
(0, l)-forms. The following is easy to check (see section 3.4 of (KL) ). 

Lemma 6.2. The sequence 

Q^{£,T)^ ^°(S, F)^ A°-\E)^Q 
defines a fine resolution of {£,J-). 
From this, it follows that 

H°{E,F) keid 
H^iE,F) ^ cokera 

Next let {X, L) be a pair of Kahler manifold X and a Lagrangian submanifold 
L C X. Consider a holomorphic disc w : {D^,dD^) — + {X,L) and denote 

E = w*TX, F = {dw)*TL. 
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In terms of the sheaf cohomology group H'^{D^, dD^; E, F), the surjectivity of the 
Unearization of the disc w is equivalent to the vanishing result 

H\D^,dD^;E,F) = {0}. (6.1) 

Now we restrict to the case of our main interest as in Theorem 16.11 Let w : 
(D^, dD^) (X, L) be a holomorphic disc obtained in sectionEland w : (I?^, dD^) — 
(C^, 7r^^(L)) be the lifting obtained in Theorem 15. 31 From the expression of w in 
Theorem 15.31 it follows that w{dD^) is contained in a torus orbit of (S^)^ 

We denote by 

{E,F) = {w*TX,{dwyTL) 
{E,F) = {D^ xC^,{dw)*iTL))) 
{Ek,Fk) = iiwy{TOrb^c.Y.),idwy{TOrbK)) 

and by 

the corresponding sheaves of holomorphic sections 
Lemma 6.3. The natural complex of sheaves 

(Sk, ^k) ^ {£, ^ (£, :F) (6.2) 

is exact. 

Proof. We need to prove the sequence of stalks 

^ (£k,^k). ^ {£.f)z ^ {£,T), 

is exact at each z e . When z e Int , this immediately follows from the d- 
Poincare lemma. It remains to prove exactness when z G dD^ . We will give details 
of the proof of surjectivity of the last map 

{£,T),^{£,T), (6.3) 

and leave the rest to the readers. 

Let zq G dD^. By choosing a sufficiently small neighborhood U of zqi we 
can holomorphically identify (SK,fk)|c/ with the trivial bundle (C^~",R^-") 
{U, U n dD^). By shrinking U if necessary, we may choose a holomorphic frame 

{/li ■ • • I fN-n, fN-n+l, ' ' ' , fw} 

of {E,F) so that fj ~ ej,! < j < N — n the standard real constant basis of 
jjAf-n ^ c^v-n g^^^ projections of {[fN-n+i], ■ ■ ■ , Un]} defines a holomorphic 
frame of E. 

Now let 7y be a given holomorphic section of E defined in a neighborhood z e 
V <ZV <ZU such that 

vlvndD-^ e F. 

We can write 

rj = 6Ar-,i+l[/Ar-,i+l] H h &Ar[/Ar] 

where 6_, 's are holomorphic functions on V. Then it is obvious that 

C») ■— bw-n+lfN-n+l + • • • + 67V /at 
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defines a holomorphic section of E which projects to 77. However may not satisfy 
the boundary condition 

(?jj)|yn9D2 C F 

and so we need to correct it by adding a suitable holomorphic section of {E^, Fk) = 
(C^-", R^-"). Since {^r,)\aD^ C F, there exists a map g : V f] dD^ ^ F = R^"", 
5 = (51- ■ • • , 9N~n) such that 

) - J2 9^{z)e, e F (6.4) 
1=1 

for aU z e VndD'^. 

Now we solve the following Riemann-Hilbert problem for the map G : (D^, dD^) —■ 
(C^-",R~-"), G= (Gi,... ,G^_„) 

f 9G _ 

< ^ ~ (6 5) 

\G{z) = g{z) zeVndD^ ^ ' ' 

It is well-known that this equation can be solved (see |U3| for example) on a neigh- 
borhood V' d v' C V hy multiplying a cut-off function p such that 



1 for z e y 

for z in a neighborhood of dV. 
Now it follows that if we define 

i=l 

it satisfies 

[e] K^] and £,{z) eF„ zeVndD^. 
This finishes the proof of surjectivity of (|6.3|l . □ 

The exact sequence (|6.2|l of the sheaves induces the long exact sequence of co- 
homology 

^ H%Ek,Fk)^H"{E,F)^H"{E,F)^ 

-> H\Ek,Fk)^ H^iE,F)^ H\E,F)^0. (6.6) 

Therefore to prove H^{D^,dD^;E,F) — {0}, it is enough to prove the following 
lemma 

Lemma 6.4. H^{E,F) = {0}. 

Proof. From the definition of the bundle pair {E,F) {D^ , dD^), we have 
E = D^xC^, F^£i®---®£n. 

Here for each j = 1, • • • , iV, is the line bundle which is the tangent space of the 
circle 

^ e^^''^-^ • Cj C C 

with fij > is an integer given in Theorem 15.31 Now the lemma immediately 
follows from the study of the one-dimensional Riemann-Hilbert problem with this 
Lagrangian loop (see e.g., |03| for this kind of analysis). □ 
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This finishes the proof of the vanishing result 

H\E,F)^{0} 

and so the discs w obtained in Theorem 15 . 31 and so all the discs in X with boundary 
lying on L are Fredholm-regular. 

7. HOLOMORPHIC DISCS OF MASLOV INDEX TWO 

We first recall the definition of the Bott-Morse Floer coboundary operator from 
[FOOO : For [P, /] e C*(L, Q) and non-zero (3 € 7r2(Af, L), 

Sp{[PJ]) = {M2{(3)ev,XfP,evo) 
SoiiPJ]) = i-mdPJ] 

And the boundary operator is defined as 

5{[P,f])^ E (7.2) 

And we extend it linearly over the universal Novikov ring Anov The following 
boundary property follows from the proof of [Theorem 6.24, FOOO] in which is 
considered the case where all the obstructions vanish, after combined with some 
additional cancellation arguments used in [addenda, 01], [Theorem 2.28, Cho] to 
deal with the case where the obstruction does not vanish but is a multiple of the 
fundamental cycle. We omit the proof referring to that of [Theorem 2.28, Cho]. 

Theorem 7.1. Assume that A'5](p) is Fano and L is as before. Then 

5o5 = Q. 

Since the standard complex structure Jq in these toric manifolds are regular as 
proved in the last section, we may proceed to compute the actual Floer boundary 
map with respect to Jq. The relevant calculations in our cases will be reduced to the 
study of discs of Maslov index two as in |Cho| because of the following proposition. 

Proposition 7.2. Let 5k to he the formal sum of with = k. Then we have 
5k = fork>A. 

Proof. We can proceed as in the case of Clifford torus. Consider the homotopy 
class P G 'n'2{X, L) with the Maslov index ^[(3) = 4. The fiber product in the Floer 
coboundary operator M{P)evi ^ f P has expected dimension dim{P) + 3. If its 
dimension is less than expected dimension, the boundary operator is considered as 
zero since we consider them in terms of currents (See |FOOO| for details). But it is 
not hard to see that the dimension oi A4{P)evi X/ -P is less or equal to dim{P) + 2 : 
Consider the case that P is a point cycle {pt) in X. The fiber product M{f3)evi ^ fP 
is nothing but the image of the trajectories of the boundary of holomorphic discs 
in Ai (/3) which meets the point (pt) . Consider the lifts of these holomorphic discs 
in f/(S). Then from the expression of lifted discs in Theorem 15.31 the image of 
the boundary of the lifted discs has dimension always less or equal to two which is 
the dimension of x S^. Hence after taking a quotient by £>(E), dimension of its 
image is still less than two. This proves the proposition for the case P is a point 
cycle (pt), and other cases can be done similarly. □ 
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Therefore, we will be mainly interested in the holomorphic discs of Maslov index 
two for the computation of HF^^\L\ Jq). From the classification theorem, it is 
easy to see that there exists N number of holomorphic discs of Maslov index 2 (up 
to an automorphism of a disc) meeting a point in L. We denote the homotopy class 
of such discs by [3j £ t^2{X, L) for j = 1, • • • , N: 

Definition 7.1. For the homogeneous coordinates zi, • • • , zat, we denote by D{vj) 
the holomorphic disc of class /3j e tt2{X,L) associated to the lifted disc 

fzfc = Cfc for ky^j 

for z € D^, where (ci, • • • , Cjv) G (C*)^ are chosen to satisfy the boundary condi- 
tion. 

Now we want to express each such disc in terms of the coordinates of the torus 
(C*)" C Xs(P) to compute the boundary operator. Recall that in toric varieties, 
the torus (C*)" corresponds to 0-cone in N or the dual cone M^. 

(C*)" = Spec C[xi,X^^ ,X2, X2^, • • • , Xn,X~^]. 

Its coordinate can also be obtained by applying Proposition l2 . 21 for the cone cr which 
is generated by the standard basis vectors (ei, • • • , e„) (Such cone may not exist in 
the fan S, but the coordinate expression of (C*)" obtained this way is still true). 

Hence we use Proposition 12.21 to find the relation with the (C*)" coordinates 
and the homogeneous coordinates. If we choose the generators of the cone {vi . ) in 
Proposition 12 . 21 to be (ei, • • • , e„), its dual basis becomes 



From the equation (|2.3(l . we have 



■1 '"'^N 



'1 ' ' ' 



(7.4) 



Hence for the holomorphic disc D{vj), by substituting 1)7.3(1 into the above equa- 
tions, we get the following : 

vi = c[ ■ z^"^^'^^) = c[ ■ z^l 

: (7.5) 

where Vj = (wj, • • • , w"). 

Proposition 7.3. For i = 1, ■ ■ ■ , N , the holomorphic disc D{vj) given by ^7.3}) 
can be written in terms of coordinates of the torus (C*)" as 

{Ciz-KC2z^h--- ,CnZ^^ (7.6) 

where constants Ci G C are chosen to satisfy the given Lagrangian boundary condi- 
tion. 
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Example 7.2. For the Clifford torus case, the holomorphic discs of index two are 

[z : ci : ■ ■ ■ : c„], • • • , [1 : Ci : • • • : c„z], 
which in the standard open set Uq are 

(ci : ' ' ' 7 ) 7 (ci 2:, ' ' ' , C^^) , ' ' ' , (ci , ■ • ■ , Cj^z) 

z z 

Now, the image of the moment map of P" is the standard n simplex, which can be 
written as follows: 

For = ei,Vn = e„,D„+i = (-1,-1,- • • ,-1) G R", 

I {x, v^) > for i <n 
Now one can see the theorem is true in this case. 

(7.8) 

We have the classification theorem. Theorem 15.31 in terms of the homogeneous 
coordinates, but it is also convenient to look at them in the open sets C" corre- 
sponding to n-dimensional cones in E. But one should note that not all discs are 
contained in these affine open sets. More precisely, if the holomorphic disc inter- 
sects with V{vi-^), • • • , V{vi- ) (possibly at different points), and if {vi-^^ , • • • ,Vij} is a 
primitive collection, then such disc can not be contained in the afhne open sets. But 
as the primitive collections have two or more elements, the discs of Maslov index 
two which intersect only one of the submanifolds V{vjys are always contained in 
the afhne open sets. 

Proposition 7.4. For the affine open set C" corresponding to n- dimensional cone 
a = (uij,--- ,ViJ) in S, the holomorphic discs with Maslov index 2 contained in 
this open set C" C X are just D{vi-^), • • • , D{vi^) up to an automorphism of a disc. 

Proof. For such an open set C" C X, the Lagrangian torus fiber L is defined by 
\zi\ = Ci ioi i = 1, ■ ■ ■ ,n for some Ci G M. And the holomorphic discs which are 
mapped into this open set C" are indeed easy to classify. More precisely, the i-th 
coordinate of such maps are just given by the Blaschke products times the constant 
Cj. Hence, holomorphic discs of Maslov index 2 are (up to automorphism of disc) 
can be written in terms of coordinates of C" as 

(CIZ, C2, • • • , C„) 
{ci,C2Z, ■ ■■ ,C„) 

(ci,C2, • • • ,C„z) 

As the coordinate of C" is determined by the dual cone a of the cone a — 
(wi J , • • • , Wi„ ) . The primitive generators of a are given by the dual Z-basis (ui , • • • , m„ 
in M since X is smooth. 

Let zi, - ■ ■ ,Zn be the coordinates of the torus (C*)" C X given by Mr. From 
|Ful| . the affine coordinates x^,--- ,x'^ are given by the primitive generators as 
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follows: For m := {un, ■ ■ ■ , Uin) E M, 



< 



(7.9) 



^1 ^2 

Then, the torus coordinates zu can be recovered from the affine coordinates 
, • ■ ■ , \ Take 

where (7, y are (n x n) matrices whose j-th rows are given by the vectors vi - , Uj 
respectively. The last equality follows from the duality between vi. and Uj . 
Hence the holomorphic disc in given by 

(ci, • • • ,CjZ, • • • ,CAr) 

can be rewritten in the coordinates of the torus (C*)" as 

: (7.10) 

for (Ci, • • • , C„) e (C*)". This is nothing but the expression of the disc D{vi.) in 
Proposition 1^31 This proves the proposition. □ 

8. The areas of holomorphic discs 

In this section we compute the symplectic areas of the holomorphic discs. For 
each such holomorphic disc D(vj), there exists S'^-action on its image from the 
torus action on the toric variety. From the coordinate expression of holomorphic 
discs in Theorem 17. 31 this can be easily seen as a subgroup of T = (S*^)" via the 
monomorphism 

^i_r:e'»K^(e™l«,... ,6™?*^) (8.1) 

for each given j = 1, • • • , TV. We will fix one such j in the rest of this section. 
In the level of Lie algebra, the S"^ C T is generated by the element 

i = v]ei + w|e2 + • • • + w;e„ G Lie(T") R" (8.2) 

From now on, we denote by /it for the moment map of the whole torus (T ^ 
(5^)") action. The image fiT{D{vj)) of holomorphic discs D{vj) under the moment 
map fiT can be easily seen to be 1-dimensional because it is invariant under the 

action generated by ^, and it meets with the boundary of the moment polytope 
because when the disc meets the submanifold V{vj). The intersection point is 
a fixed point of the action we described above. Indeed, ^xiDj) meets the 
hyperplane defined by 

{x,Vj) — Xj, 

since the preimage under the moment map /it of this hyperplane has the stabilizer 
Vj. Also recall that the image of the Lagrangian torus fiber under fj,T is a point, 
which we denote by 

A= (ai,a2,--- ,a„) e (M")*. 
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Let (r, 9) be the standard polar coordinate of -D^(l) C C and consider the map 

{r,9) 1-^ fiT{w{r,9)) 

where 

w = D{vj) : iD^,dD'^) (X,L) 
provided in Proposition 17.31 Since the disc is invariant under the 5^-action H8.1|l . 
the map is independent of 9. We write the corresponding curve by 

a : [0, 1] ^ (R")* = (ize(T"))*; a{r) ^iT{w{r, •)) 

We are now ready to prove the foUowing area formula of the disc D{vj), which will 
play a crucial role later when we relate our computation of the Floer cohomology 
to Hori-Vafa's Landau-Ginzburg i?-model calculation. 

Theorem 8.1. The area of the holomorphic disc D{vj) in Proposition \7.3\ is 

2TT{{A,Vj) - Aj). 

Proof. Let rj E Lie{T") be any element and rjx be the vector field on X generated 
by rj. By definition of the moment map /i^, we have the following defining formula 
of the moment map 

in general |MW| . We apply this identity to 77 = ^ defined in 1)8. 2|l to have 

d{fiT,O^U\^P- (8.3) 

Therefore we derive 

- ^(-«(^) 

- fxj..,(|;) (8,4) 

where we regard fir both as the map from X to {Lie{T'^))* and as a {Lie{T'"-))* - 
valued function. 

And it follows from the coordinate formula 17.6(1 that 

^xiwir,9))^^ir,9). 

By substituting this into (|8.4|l . we have derived 

d , , . ^, /dw dw\ 

-(aM,0-c.p(-,-). (8.5) 

From this, we derive 



Area{D{vj)) = 




- 27r((a(0),O-(«(l),C))- 
The value of a(l) = fiT{w{l, 9)) is the base of the Lagrangian torus fiber L which 
is nothing but {A,£^) and a(l) is in the hyperplane determined by 

{x,0 = Aj. 



22 



CHEOL-HYUN CHO AND YONG-GEUN OH 



Therefore we have proved that the area of the disc is 27t{{A, ^) ~Xj). FinaUy noting 
that ^ = Vj in H8.2|l . we have finished the proof. □ 

9. Standard spin structure 

We recall the notion of the standard spin structure introduced in |Cho| for the 
case of the Clifford torus in P". A spin structure of L is equivalent to the homotopy 
class of a trivialization of the tangent bundle of L over the two skeleton of L. We 
also recall that a framing of the manifold L is defined to be the homotopy class of 
a trivialization of the tangent bundle TL. Therefore each framing canonically fixes 
a spin structure of L. 

Proposition 9.1. The framings of L induced by the embeddings L ^ ^ C" are 
all the same over the choice of cones a . We call the corresponding spin structure 
of L the standard spin structure of L d X. 

Proof. Let := e'^ be the unit circle embedded in C. The tangent bundle of 
has a natural trivialization given by S*^ x M • Similarly there is a natural 
trivialization of the tangent bundle of (S*^)" C C". The torus fiber L sits inside the 
intersection of the afhne open sets. So, each afhne open set induces a trivialization 
of tangent bundle of L. One can check that the trivializations of TL obtained for 
each affine open set have the same homotopy class because the transition matrices 
are constant matrices: Recall that the transition functions between these affine 
open sets are given by monomial relations. For two n-dimensional cones a, r, Let 

= (z[r-...(2;r". 

Then, 

d _ _d_ _d_ 

j 1 n 

Hence, the transition matrices for the induced trivializations of the TL are constant 
matrices. By permuting the afhne coordinates to make det(ay) > 0, if necessary, 
this implies that the trivializations induced by each affine sets are in the same 
homotopy class. This is what we mean by the standard spin structure of T". □ 

Recall from [FOOO] that to fix an orientation of the moduli spaces of holomor- 
phic discs we need to fix a spin structure of L and an identification of the tangent 
space at a point of L with R". Different trivializations in the same homotopy class 
can only reverse signs of the moduli spaces of the holomorphic discs simultaneously 
and hence give the same Floer cohomology group. 

Also note that there exists 2" = \H^{L;'Z/2)\ different spin structures for the 
torus L. Other spin structures besides the standard one can be naturally considered 
in the setting of the Floer cohomology twisted by the flat line bundles on L: Cal- 
culations of the Floer cohomology with different spin structures can be substituted 
by the Floer cohomology twisted by the flat line bundles on L with holonomy e'^* 
along appropriate generators of tti (L) . 

Our computations in the rest of the paper will be based on the standard spin 
structure. We refer readers to |Choj for more detailed discussions on the orientation 
and computations for different spin structures. 
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10. Computation of the Bott-Morse Floer cohomology 

Now, we are ready to compute the Bott-Morse Floer cohomology of any La- 
grangian torus fiber L in symplectic toric manifold Xy,(p)- We will assume in this 
section that Xy,[p) is Fano. 

The Bott-Morse Floer cohomology defined in section 13 satisfies 

for our torus fiber. Note that we do not need to deform the boundary operator of the 
Floer complex by introducing obstruction cycles since all non-constant holomorphic 
discs have positive Maslov indices in our case. 

We fix the standard spin structure of L, which fixes the orientation of the moduli 
space of holomorphic discs. The orientation of the boundary 1)7.1(1 not only depends 
on the orientation of the moduli space M.2{(3), but also the fiber product orientation. 
It was studied in great detail in Cho], |FOOO| . and so we restrict our discussion 
about orientation to a minimum. 

Recall that the Floer cochain complex in jFOOO| is constructed using currents. 
From now on, the cycles we write actually represents their Poincarc duals, and we 
will not distinguish homology iJ*(L,Q) and cohomology H*{L,Q) in our presenta- 
tion. 

The filtration on the boundary operator 5 with energy induces a spectral sequence 
E*'* which converges to the Floer cohomology HF^^^{L; Jq). Recall from jF()()()| 
that 

EP^" = (i/*(i,Q)®e«)P 

where ( )p means the total degree p. To compute the Floor cohomology, we work 
with this spectral sequence and the main step is to compute the boundary S2 of 
the cohomology generators. Here S2 is the boundary operator given by considering 
only Maslov index 2 discs. 

We first compute the boundary for a point class (pt) . We denote the generators 
of H^{L, Q) by Li, • • • , L„. More precisely, by Lj we denote a cycle given by the 
image of the map 

5i^(C*r:e'^^(ci,--- ,c,e'^••• ,c„). 
In view of Proposition 17. 31 and considering an orientation as in |Cho| . we have 
Sp^ipt) = {-inv]L, + ■■■ + v^L^) (10.1) 
where [3j = [D{vj)\ e ■n2{X,L). Hence, 

N 
N 

= ^(-1)"t2"«^-^)-^:') . q ■ {v]Li + ■■■ + v!^L„) 
i=i 

We can also compute the Floer cohomology with flat line bundle £ on it, which we 
denote by 

HF^"'{{L,C);Jo)- 

If we denote by 

/la = e'"" 
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(10.4) 



the holonomy of the hne bundle L, along the cycle Lq, for a = 1, • • • , n, Propositfon 
15.31 implies that the holonomy along the boundary of the disc D{vj), becomes 

hi' ■■■hi' ^ e'^""'"'^ := h"' (10.2) 

where the vector v — 'iS defined by 

V = [vi, ■■■ .Vn) (10.3) 

which we call the holonomy vector of C. 

In this case, the boundary operator of the Floer cochain complex is defined as 
follows [Fu^ : 

{50{[P, /]) = {M2{fi) ev, X / P, evo) ■ {holQpC) ®q for ^ 
\5oi[PJ])^{-indPJ] 

Therefore, we have 

S2{{pt)) = ^(-1)"/i''^t2-«^-^>-^^-) . q ■ (z^jLi + . . . + v'lL^) (10.5) 
j 

By identifying Hi{L : Q) with Q" via Li t—^ e^, we may write the condition to have 
<52((pO) =0 as 

^(_1)"/j^.T2'^(K,^>-a.) .vj=0 (10.6) 
j 

It is not hard to see that if 52{{pt)) — 0, we would have 52[P) = in H*{L, Q) for 
any cycle P £ H^,{L,Q) (see [Cho] for the relevant computations). Therefore, in 
this case, the Floer cohomology HF^^^ {{L, £); Jq) is isomorphic to the singular co- 
homology of L. In particular, it is non- vanishing. The following proposition implies 
that, one only needs to consider 62{{pt)) for the computation of Floer cohomology. 

Theorem 10.1. If S2{{pt)) = 0, then Bott-Morse Floer cohomology is isomorphic 
to the singular cohomology of L as a Knov -module, i.e., 

HF^''{{L,C);Jo)^H*{L;A'^,,) 

where A^^^ is the Novikov ring twisted by the line bundle C in an obvious way. 
If S2{{pt)) 7^ 0, then the Floer cohomology HF^^\{L, C); Jq) vanishes. 

Proof. It remains to prove the second statement. Suppose 52{{pt)) ^ 0, and con- 
sider the lowest energy terms of 82 (pt) which gives rise to a non-zero term: Suppose 
the terms with this energy are given by 5^.^ , • • • , Sp^^ . Denote by 62 the sum 



6' 



2 



By the assumption S2{pt) ^ 0, we have 82 0. It follows from the construction of 
the spectral sequence in FOOQ that this becomes the boundary operator of the 
spectral sequence of a certain step, say r. From our choice of fii^, lower energy 
terms give rise to zero boundary maps in the spectral sequence. Therefore we have. 

We will show that 

-Er+l = 0. 

For this we will compute 82 for the cohomology generators of H*{L, Q). 
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In iJ*(i,Q), we may write, omitting the common factor of formal parameter 

rpArea ^ 

^ Hi 

52{vt) = ci[Li] + C2[L2] + • • • + c„[L„]. (10.7) 
At least one of ci is non-zero from our assumption. It is not hard to see that 

HLi) ^Cj(Lj X Li) 
where Li x Li is 0-cycle. Or more generally, 

n 

?2(i.i. X X • • • X LiJ = ^ Cj{Lj X [L^^ X Li^ X ■■■ X Li^)) 

where the latter is a 0-cycle if j e {ii, «2, • • • , ik] (See |Cho| for the case of Clifford 
torus in P"). 

From now on, for index sets, say J with j = \ J\ elements, we denote its elements 
as J = {ji, • • • , jj} with 3i < h < ■ ■ ■ < 3j- And we denote ^ J \ {jj. 
Now we denote an arbitrary element of k dimensional cycles as 

E ^^^^ 

i,\i\=k 

for / c {1,2,-- - ,n} and A/ G Q. The boundary of this element is 

/,i/i=fc / 

= ^Ai{ciLi H hc„L„) X Li 

I 

= E E^'^^(-i)'"'^^=^^ 

,/,|J|=/c+l s=l 

Hence, the element J2i \i\=k^i^i kernel of 62 if for any set J C 

{1, 2, • • • , n} with I J| = -|- 1, the following equation holds: 

k+l 

j2AjA-ir-'c,^^o. (10.8) 

Set 

iS:={ie{l,2,--- ,n}\c,=0} 
\^=:={1,2,... 

Then, the equation pu.8|l is exactly the same equation as we had in Theorem 4.20 
in |Cho| with {hi^ — hg) replaced by Ci^. 

Hence, by applying the same method, one can show that such elements in the 
kernel of 82 lies in the image of 62 ■ This finishes the proof. □ 

Since for a fiber to have a non-trivial Floer cohomology is a very special geometric 
property, it seems to deserves a name to them. 

Definition 10.1. We call balanced a Lagrangian fiber that have a non-vanishing 
Floer cohomology. 

In the next section, we will provide a geometric description of balanced torus 
fibers. 
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11. Description of the balanced torus fibers 

In this section, we now examine the equation (|l().6(l in terms of toric geometry. 
In particular, in the case of no line bundle twisted, we provide a concrete toric 
description of the conditions for a fiber to satisfy the equation. 

For given A G intP, we partition G — G(S) = {vj}i<j<N into the disjoint union 

where G(^a;^i) is the set of Vj G G with the symplectic area of the associated homo- 
topy class fij = [D{vj)\ e i^2{X, L) 

for each given positive number fi. Obviously G(^A:fi) — except for a finite number 
of values of /I's 

< /zi < ^2 < ■ • • < MLa 
and 1 <La< N. Then ifTTT^ becomes 

^ h^^v,^ J2 e'^^'^^^T^.^O (11.1) 

for aU 1 < £ < La- 

Proposition 11.1. Assume X^^p) is Fano and let L — iJ,~^{A) C (X^f^p-fjUSp) 
be a fiber for A £ int P and C be a fiat line bundle with the holonomy vector 
V = {yi, - ■ ■ , Vn) such that A and v satisfy Ul.l\) . Then we have the isomorphism 

HF^'\iL,Cy,Jo) = H*mA^,J. 

For all other cases, HF^'^^ {{L, C); Jq) is trivial. 

Now we specialize to the case without £, i.e., all ft,"^ = 1. In the remaining sec- 
tion, we will provide a more concrete description of the balanced fibers by analyzing 
(|ll.l|l in terms of toric data. 

Note that in this case (jlLlfl just becomes 

E = 0- (11-2) 

We denote by 

La 

the partition of {1, • • • , N} corresponding to the partition of G = Ufci G(^A;tie)- 
We also denote 

e/, ==Eej. (11.3) 

By the exact sequence 

^ K ^ ^ Z" ^ 
(|11.2|l implies that there exists S( eK such that 

for each 1 < i < La, where Z^* is the obvious product space. We denote by 

A, c {S^' 
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the obvious diagonal circle group generated by the vector e/^ € iJ^ and by A their 
products as a subgroup of {S^)^ . By construction, we have 

with dim A — La < dim K = N — n. 

We will now carry out the "reduction by stages" to describe our toric manifolds 
Xy.(p) and the Lagrangian torus fiber L in a two-step process. We denote 5 = 
Lie{A) and by 

MA : ^ 5* 

the moment map of the action of A on C^. We denote 

j-.A^KidS')^) or J -.S^kicR^) 

the inclusion homomorphism and := (S^)'^ /A. 

Wc note that (S^)^ acts on C''^ as the direct product of the actions of dc- 
dimensional torus (S^)^'' on C'^*. By carrying out the first reduction by the action 
of A, we have obtained the reduced space 

OJA = Wi ® • • • ® OJLa 

where we have 

with respect to the basis {e}^, - ■ ■ ,e*j^} dual to the basis {e/^ , • • • , e/^ } of i5, and un 
is the Fubini-Study form on p(''*^i) associated to the value A/^ of the momentum 
function fiAt ■ 'C'^" ^ S'^ = R, which becomes nothing but the standard momentum 
function of the action on C''* i.e., 

Furthermore the residual torus = (S^)^ /A is the direct product 

j,A _ J-j- j,Ae 

I 

with T^'- := (S^y^ I Ai, and canonically acts on the reduced space Ya as the direct 
product action of the standard torus action of ^ {S'^Y^ / Ai on p('^«-i). We 
denote 

t^' = LieiiS^'/At) ^ Rf"^^-!). 
This action of the torus T^" on p('*'^~i) naturally extends to the action of the 
product 

[/^ :=llu{de) 

e 

as the Kahler isometry with respect to the canonical complex and symplectic struc- 
tures induced from the ones on Ya = /Lt^^(j*(r))/A. 

Now the quotient group K/A := Ka acts on Ya- We denote its moment map 

by 

-Ya^ k'^ 

and the natural projection K — > Ka by tta- Then we have the identity 

T^A ° M-fiTA = I^K- 
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and the second reduction provides the description of {Xj2(p),ujp) as the reduced 
space 

where s € fc^ such that vr2^(s) = r. 

In terms of this identification, the Lagrangian torus L = fi^^{A), A = (ai, • • • , a„) 
can be written as 

where £ {f^')* and • • • ,^^-*) € and 

is the standard moment map on P^'^''^^') of the action by the torus Here 
( A\ • • • , A^"" ) = TT* (A) where 

By the symmetry consideration, it follows that /i^i^, (A^) is the Clifford torus of 

p(d£-l)^ 

We summarize the above discussion into the following theorem 

Theorem 11.2. Let X^jpj = fi'~^{r)/K be a Fano toric manifold with the canon- 
ical symplectic form top. Then each balanced Lagrangian torus fiber in has 
the form 

L^{LiX---x Ll^)/Ka C n]^\is)/KA = ^s(p) 

where Ka — -ftT/A and Li is the Clifford torus of {W^'^'^~^\uie) with uje the Fubini- 
Study form associated to the normalization 

r^-' = ^iA\{-^h)/s\ K = Y.^^- 

12. Hori-Vafa's B-Model Calculation 

In this section and the next, we will relate the equation H1Q.6|I with the critical 
point equation of the superpotential of the Landau-Ginzburg mirror to the toric 
manifold {Xy,(P),ujp), after substituting T'^'^ — e~^. We will closely follow the 
notations from [HV] with few minor exceptions, and exclusively use convention 
that the letter i runs over 1, • ■ ■ , N, a over 1, • ■ ■ , k{= N — n) and a over 1, ■ • • ,n. 

In this section, we first describe the prediction of Floer cohomology by Hori via 
the mirror symmetry correspondence from Hori and Vafa |HV| or Hori [H] . 

Suppose the /c-dimensional torus K = (S^)'^ acts on C-^ as follows. 

, . . . , e'«^) . (zi, . . . , z^.) = e»'?-«''zi, • • • , ^ e'^^-^^z^) 

a— 1 a— 1 

The moment map of this action is given by 

^ : ^ (M*^)* 

(zi,-- - ,zn) i-^ ^C^Qii\zi\'^, - ■ ■ ,^Qik\zi\'^) 

i i 

(See section 121 for more detailed discussion on this). Now we consider the quotient 
fj.^^{r)/K as toric manifolds where r — {ri, ■ ■ ■ ,rk) fies in (R*^)*. 
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With some physical arguments, Hori and Vafa [HV] introduce the dual geometry 
by introducing periodic variables Yi,i = 1, ■ ■ ■ , N with Yi = Yi + 2m such that for 
a = 1, • • • ,k, 

N 

Y.Q^aY,^ta (12.1) 

i=l 

where ta^Va- i9„ . 



Remark 12.1. Here we consider the case where the B-field is zero 

The real part of Yi represents the position of the Lagrangian torus fiber and 
imaginary part represents the holonomy of the line bundle on this torus fiber. And 
one considers the superpotential 

N 

M/:=^e-^'. (12.2) 

The critical points of the superpotential correspond to specific fibers and holonomies 
whose Floer cohomology are non- vanishing. 

For a given Q, we consider the equation 

N 

5^i'^aa = 0, t;, eZ. (12.3) 

i=l 

The space of solutions of H12.3|l form an integral lattice of rank n = iV — fc in M^. 
We denote a Z-basis of this lattice by {f"}i<Q<n C with 

each of them satisfying 

N 

Y,vfQ,a^O. (12.4) 

i=i 

Therefore the general solutions for the constraint equation Qm^i = ta have the 
form 

n 

= ^ <e„ + (12.5) 

a=l 

with n = N — k periodic variables Qq, ( mod 27ri) where y = (j/i, • • • ,yN) is a 
special solution of 

AT 

2 = 1 

(In [HV], the letters ti's are used for y.^'s which is somewhat confusing with the 
other usage of ta's.) 

Now the superpotential H12.2|) of the mirror theory can be expressed as 

N 

W^ = ^exp(-2;,-(e,«,)), (12.6) 

i=l 

where 

V, (i;i,z;2,--- ,<)eM"-7VK 
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and (6,Wi) is the short hand notation for Y^^=i^i^a- Note that the condition 
= is the same as 

N N 

E e"''' • < = E e^P(-y^ - ^»)) ■ < ^ (12.7) 

1=1 i=l 

for a = 1, • • • , n. One can already see the similarity between equation pu.6|l and the 
equation p2.7|l . In the next section, we show that two equations indeed coincide, 
if we substitute 

T2'' = e~\ and then yi = -K. 

13. Equivalence when T'^^ ~ e'^^ 

In this section, we show that our calculation of the (Bott-Morse) Floer cohomol- 
ogy indeed verifies the mirror symmetry prediction made by Hori-Vafa's _B-model 
calculation. More precisely, the condition H10.6|l to have non-vanishing Floer coho- 
mology with T^'^ = exactly corresponds to the critical points of the superpo- 
tential, with a canonical definition of the variables YiS. 

To see the correspondence for the compact toric manifold Xe(p)i we define Yi 
as follows: 

Definition 13.1. For i = 1, • • • , iV, define e R x i(R/27rZ) as 
{Re{Y,) = Area{p,)/2^ 

\lm{Yi) = ilog(/i^') = -{v,Vi) mod 27r ^ ' ' 

where Vi 's are the generators of the one dimensional cones of the fan E associated 
the toric manifold Xy,[p) as in section|5]and /3i G it2{X, L) is its associated homology 
class, and v is the holonomy vector of the flat line bundle C defined in H10.3() . 

Then it follows from Theorem 18 . II that 

= {{A, V,) - \i) - Vi) = {A- iu, V,) - A, (13.2) 

and hence 

= /i''.e-«'4,^.>-A.). (13.4) 
Consider the choice of t^'s given by the real numbers 

N 
i=l 

for a = 1, • • • ,N — n. Then by the choice of f^'s, 

y.i = -Xi, i = 1, • • • ,7V 
is a special solution of H12.1|l . 

Proposition 13.1. For any vectors A and v above, Yi's defined by J^l'S.}^) satisfy 
the constraint equation 

N 

E Qi'oXi' = *a /o*" eac/i a = 1, • • • ,N-n. 
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Proof. First note that we have the fohowing equahty from the exact sequence ()2.1|l 
or equation (|12.4(l 



N 



QiavT = for all a, 



and so we have 



N 



J2QraV^^0. (13.5) 



From this, we derive 

N N 

^Q^aYi = ^Q.,a{{A-iiy,v,) - Xi) 

i=\ i=\ 

N N 
= {A - il/, QiaVj) - QiaXj 

1=1 i=l 
= + ta^ta 

which finishes the proof. □ 
Now identifying the variable Q 

Q = A - iiy, 

Yi's defined in (|13.2|) coincide with H12.5|l . 

Now, it remains to show that the condition (|10.t)|) to have non-vanishing Floer 
cohomology corresponds to the critical points of the superpotential W = J2i=i c~^S 
if we substitute T^'^ = e^^. 

Proposition 13.2. The O ^ A — is a critical point of the superpotential W if 
and only if A and v (or h"' 's) satisfy i|_?0.6)) . i.e., S2{pt) — 0. 

Proof. The condition H1U.6|I 

i 

becomes the following equation, after we substitute T^'^ — e^^: 

^/,i..g-({A,..>-A.).„^ = 0. (13.6) 

i 

Then from p3.4|l and from the choice yj = — A^, the above equation is same as 

^e-^-<-OV«, (13.7) 

i 

which is precisely the condition for Yi to be the critical points of the superpotential 
W as in the equation (|12.7|l . □ 



32 



CHEOL-HYUN CHO AND YONG-GEUN OH 



14. Examples 

14.1. The complex projective space P^. This example is taken from [Cho]. We 
consider associated with the moment polytope P defined by 

■(x,(l,0)) >0 

(x,(0,l))>0 (14.1) 
(x,(-l,-l)) >r 

Let (ai, 02) € int(P). For the Lagrangian submanifold L := fi'^^^ai, a2), there exist 
three Maslov index 2 discs (up to Aut{D^)) with boundary in L. It is not hard to 
check that its moment map fiT trajectories are in fact straight fines. To find the 
torus fiber whose Floer cohomology is non- vanishing, we check the condition H10.6|l . 

S2{{pt)) = hiT^'"'''{l,0) + h2T'^'"'^{{), 1) + /ij;i/i2"iT2'^(-''i-''2+'')(-l, -1) = 

(14.2) 

Since hi e C/(l), we have 



hi = h^ ^ft,2 ^ 

fli = -ai - 02 + r 



/i2 = h^ ^^2 ^ 

02 = — ai - 02 



(14.3) 
(14.4) 



Hence, we have 



fli = a2 = 
hi — /i2 and h\ = 1 

The Lagrangian fiber /i^^ (r/3, r/3) is cafied the the Clifford torus and the holonomies 
(/ii, /12) of the fine bundle C for the non- vanishing Floer cohomologies on the Clif- 
ford torus are 

(l,l),(e2W3^g2W3)^(g4W3^e4W3) 

14.2. Hirzebruch surfaces Fc. This example illustrates well the difference be- 
tween the actual Floer cohomology with A„o„-coefl[icient and the Floer cohomology 
with the parameter value T^'^ = e~^. The latter was predicted by Hori-Vafa |HVj 
by the B-model calculation. However the latter version of the Floer cohomology is 
not invariant under the Hamiltonian isotopy of the Lagrangian torus fiber while the 
former version is so. The latter Floer cohomology has Euler number of fibers whose 
Floer cohomology is non- vanishing for toric Fano manifolds ( HV ), especially there 
exists four such fibers for Hirzebruch surfaces Fi and i^2- But we will show that 
the former version has no fiber whose Floer cohomology is non- vanishing. 

We start with the example Fi. We consider Fi associated with the moment 
polytope Pi defined by 

■(^,(1,0)) >-l 
(a:,(0,l))>-l 

(.,(0,-1)) >-i ^''-'^ 

.(x,(-l,l))>-l 
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This polytope is reflexive |B2| . thus Fi is Fano. Let (ai,a2) £ int(Pi). For the 
Lagrangian submanifold L := /x^^(ai, 02), there exist four Maslov index 2 discs (up 
to Aut{D^)) with boundary in L. In the torus coordinates, these are given as 

{C1,C2Z), (ciZ,C2), (Cl, (^,C2Z) 

To find the torus fiber whose Floer cohomology is non-vanishing, we check the 
condition 

^ S2i{pt)) - /iir2'^(°i+i)(i,o) + /i2r2'^^°=+^no,i) + 

;^-ly2^(-a2 + l)(Q^ -1) + /l-l/l2T2'^(-''^+°= + ^H-l, 1) 

From the first coordinate, we obtain. 



hi = hi ^/i2 

rp27r(ai + l) _ rp2TT(-ai+a-2 + l) 



(14.6) 



Therefore we have 

h2 — h\, a2 — 2ai. 
From the second coordinate, we have 

y^2rj^2Ti{2ai+l) _ j^--2rp2-K{-2ai+l) _|_ j^^rp2Tr(ai + l) ^ q 

Or, equivalently 

(/iiT^^i)* - 1 + {hiT^'"''f = 0. (14.7) 
Now, we substitute T^'^ = e^^. Then, the equation 1)14. 7|l becomes 

{hie~'''f-l + {hie-'''f^Q. (14.8) 
By setting X hie~°-^ , we have 

+ - l^Q. (14.9) 

It is not hard to check the four solutions of this equation indeed gives the location 
of the four fibers inside the polytope Pi, whose Floer cohomology with the value 
T^'^ = e^^ is non- vanishing. This agrees with the B-model calculation from |HV| . 

For the Floer cohomology with Ano-u-coefficient, note that we regard T as a 
formal parameter. Hence to have a solution of the equation (|14.7() , we should have 

ai = 0. (14.10) 

In this cases, the equation becomes, 

h{ + hl~l^Q. (14.11) 

It is easy to check that this equation does not have a solution for hi E U{1). Hence, 
there exists no torus fiber in Fi (from the polytope Pi ) whose Floer cohomology with 
Anoij-coefficient is non- vanishing. 

Theorem 14.1. Let c be any positive integer and consider the Hirzebruch surface 
Fc with the canonical symplectic (Kdhler)-form as a toric manifold. Then all the 
non-singular torus fiber has trivial Floer cohomology with Anov- coefficients. 

Remark 14.1. For Fq = x with both factors having the same area, we 
find one fiber with four possible holonomies whose Floer cohomology with A„oii- 
coefRcient is non-vanishing. 
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Proof. We may consider a polytope Pc (trapezoid with lengths B,A,B + cA) given 
as follows: 

(x,(l,0)) >0 

{x, (-1,-c)) >-B-cA 

Let (ai,a2) G int(Pc)- Consider the Lagrangian submanifold L :— fi^^{ai,a2). We 
check the condition 1)10. 6|l as before. 

= S2i{pt)) = hiT^-^^-^^^l.^O) + /laT^'^^^^nO, 1) + 
f^-ij.2M-a2+A)^Q^ -1) + /i-1/i-^t2'^(-'^i-'=''=+^+'=^)(-1, -c) 

From the first coordinate, we have 



hi ~ ^h^ 



(14.13) 



I oi — — fli — ca2 + B + cA 

And for T as a formal parameter, from the second coordinate of the above equation 
S2{pt) = 0, we have 

02 = -02 + A = -ai - ca2 + B + cA. (14.14) 
Combining these equations, we have 

ai = 02 = A/2, B = (^)A (14.15) 

Hence, for c > 2, the length B becomes non-positive which is not possible. For the 
case c = 1, we should have 

+ hi ^ 1 ^ 0, 

which does not admit any solution in U{1), in particular /ii = 1 is not a solution. 
Hence, 52{{pt)) ^ and this finishes the proof. 

□ 

Remark 14.2. The non-unitary solutions of 1)14.11(1 for the A„ot)-coefficients can 
be interpreted as the solutions when a _B-ficld is turned on: consider the complex 
symplectic form 

LO + =: ^ 

and the one-parameter family {X,z^l) with z e C*. However the solutions for 
-B 7^ do not seem to carry any natural symplectic geometrical meaning. 

15. Obstruction classes, open Gromov-Witten invariants and 

superpotentials 

Fukaya-Oh-Ohta-Ono |FOOO| have defined the obstruction cycles of the filtered 
Aoo-algebra associated to each Lagrangian submanifold and developed a deforma- 
tion theory thereof, which tells whether one can kill the mo-term by a suitable gauge 
equivalence. The mo is defined by a collection of currents induced by the (co)chains 

[A^i(/3),e«o] 
for all j3 £ 7r2(M, L). More precisely, we have 

mo(l)= [■A^i(/3),e«o]-T^''^"^«(7^(«/2eC*(L)®A„<,„,o. (15.1) 

/3e7r2(M,L) 
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The sequence {ofe(L)}i<fc<oo of the obstruction classes introduced in [FOOO] is the 
iterative obstructions to deforming the filtered Aoo-structurc so that 

mo = mod T^'=+i as fc ^ oo. 

Here we order those A's that appear as the area of (3, i.e., as uj{P). 

Since the paper [FOOO] appeared, it became a folklore among some mathemati- 
cians and physicists alike that under the mirror symmetry correspondence FOOO's 
obstruction (co)chain in the A-model should correspond to the superpotential in 
the i?-model. 

In fact, our computation confirms this test in the toric case. We now explain this 
correspondence precisely. We first recall from Theorem 15.81 and the orientability of 
the torus that there is no holomorphic discs of Maslov index less than 2. According 
to [section 7, FOOO], all obstruction classes o(/3) are well-defined and the only 
non-trivial obstruction classes (as currents) are the ones given by 

o(/3) [MiiP), evo] for /3 with = 2 (15.2) 

for the torus fibers in this paper (see [section 7, FOOO] for more explanation), which 
also coincides with m.o(l) in this case. In view of Proposition lTl^ and consideration 
of the sign from [Cho], we also have 

o{P) = [L] (= 1) 

the fundamental class of L for any f3 with /i(/3) — 2. Therefore we have obtained 
the formula for the obstruction class of L 

N 

o{L) = J2 h''' T'^'-'^'^^ft ) -q (15.3) 

i=l 

from the definition of obstruction classes [Definition 4.6 & 4.8, FOOO]. However it 
follows, by the same substitution T^'^ by as before, that the right hand side of 
p5.3|l precisely becomes 

N 

^exp(-2/,-(e,i;,)) = W^(0) 
1=1 

if we ignore the harmless grading parameter q. Therefore we have confirmed the 
exact correspondence 

o{L) < — > W 

for the case of Lagrangian torus fibers in toric manifolds. 
In addition, comparing (|HJ.6|I with the derivative 

dW _ /dW dW\ 

after substitution of T'^"^ = e~^, we have also verified the correspondence 

dW 

Recall from [addenda, 01] that the second named author observed that the ob- 
struction class is determined by the (genus zero) one-point open Gromov-Witten 
invariants in the monotone case, which obviously generalizes to the toric Fano case 
(because the fiber does not have holomorphic discs of non-positive Maslov indices). 
Similarly in general, S2{pt) is determined by the two-point open Gromov-Witten 
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invariants from the definitions and [FOOOj . Here we would like to em- 
phasize that in this case of torus fibers in the Fano toric manifolds, the (genus 
zero) open Gromov-Witten invariants considered here are rigorously well-defined 
(with respect to the canonical complex structure). This correspondence between 
adding one marked point and taking the derivative is consistent with the well-known 
principle in the calculus of correlation functions in physics. 

Combination of these facts suggests an intriguing relation between the derivatives 
of W of the superpotential (or of the obstruction o{L)) and the "open Gromov- 
Witten invariants" of L in general. (Here we put the quotation mark because the 
open Gromov-Witten invariants in general has not been rigorously defined.) In 
fact, there has been conjectured by physicists that the superpotential is related by 
the mirror symmetry correspondence to the "open Gromov-Witten potential" (see 
[KKLMj for example) , and our work provides a concrete mathematical evidence via 
an A-model calculation. As far as we understand, most calculations, if not all, in 
the physics literature in this respect have been done in the _B-model side. We hope 
to further investigate this relation in the future. 

16. Discussion: non-Fano cases 

We believe that our calculation of the Floor cohomology in this paper remain to 
be true for the non-Fano toric manifolds. In this section, we explain what remains 
to be proved for the non-Fano cases. 

The structure and regularity theorem of smooth holomorphic discs still hold for 
the non-Fano case. However for singular curves, distinction occurs in the trasversal- 
ity problem because of the presence of multiple covered spheres of negative Chern 
numbers. Therefore it is essential to use the abstract perturbation in the frame- 
work of Kuranishi structure FOn , even if all disc components are already regular. 
With this transversality problem taken care of, all the theorems, especially those 
in sections Bl and [TUI remain to be true, possibly except the statement 

HF{L,<j>{L);J')^HF''^'{L,Jo). 

The proof of this isomorphism is expected to use a singular degeneration argument 
as those used in ^Ohl in the presence of non-trivial instantons which may not 
be transversal. Unlike the Fano case, there is no soft argument as those used in 
[Oh4] to go from the limit configurations to the case of small parameters because of 
non-transversality of sphere components. One really has to construct a Kuranishi 
structure in the limit configurations and to prove other non-trivial convergence 
statements. This singular degeneration problem is currently being studied by the 
second named author with K. Fukaya |FOh2| . 

In the end, we expect that the above isomorphism still holds but details of the 
proof remain to be worked out. Because of this, we restrict ourselves to the Fano 
case for sections El [TUl and the beginning of section [7| in this paper. 
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